ANL-HEP-PR-09-6 
Alberta Thy 08-10 



Factorization of low-energy gluons in exclusive processes 

Geoffrey T. Bodwin 
High Energy Physics Division, Argonne National Laboratory, 
9100 South Cass Avenue, Argonne, Illinois 60439, USA 

Xavier Garcia i Torino 
High Energy Physics Division, Argonne National Laboratory, 
9100 South Cass Avenue, Argonne, Illinois 60439, USA and 
Department of Physics, University of Alberta, Edmonton, Alberta, Canada T6G 2G7 * 

Jungil Lee 

Department of Physics, Korea University, Seoul 136-701, Korea 
(Dated: July 7, 2010) 

We outline a proof of factorization in exclusive processes, taking into account the presence of soft 
and collinear modes of arbitrarily low energy, which arise when the external lines of the process are 
taken on shell. Specifically, we examine the process of e + e~ annihilation through a virtual photon 
into two light mesons. In an intermediate step, we establish a factorized form that contains a soft 
function that is free of collinear divergences. In contrast, in soft-collinear effective theory, the low- 
energy collinear modes factor most straightforwardly into the soft function. We point out that the 
cancellation of the soft function, which relies on the color-singlet nature of the external hadrons, 
fails when the soft function contains low-energy collinear modes. 
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I. INTRODUCTION 

Factorization theorems are fundamental to modern cal- 
culations in QCD of the amplitudes for hard-scattering 
exclusive hadronic processes. They allow one to sepa- 
rate contributions to the amplitudes that involve states 
of high virtuality from those that involve states of low vir- 
tually. The former, short-distance contributions can, by 
virtue of asymptotic freedom, be calculated in perturba- 
tion theory, while the latter, long-distance contributions 
are parametrized in terms of inherently nonperturbative 
matrix elements of QCD operators in hadronic states. 

States of low virtuality can arise from the emission of 
a soft gluon, whose four-momentum components are all 
small, or from the emission of a collinear gluon, whose 
four-momentum is nearly parallel to the four-momentum 
of a gluon or light quark. In some discussions of factoriza- 
tion that employ soft-collinear effective theory (SCET) 
[IHH or diagrammatic methods Q, it is assumed that 
gluons can have no transverse momentum components 
that are smaller than the QCD scale Aqcd- That is, glu- 
ons can have hard momentum, in which all components 
are of order the hard-scattering scale Q, soft momentum, 
in which all components are of order Aqcd, or collinear 
momentum, in which the transverse components are of 
order Aqcd and the energy and longitudinal spatial com- 
ponent are much larger than Aqcd (usually taken to be of 
order Q). This assumption is appropriate to the discus- 
sion of physical hadrons, in which confinement provides 
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a nonperturbative IR cutoff of order Aqcd- However, in 
perturbative matching calculations of short-distance co- 
efficients, one usually takes the external quark and gluon 
states to be on their mass shells, and, in this situation, 
soft and collinear gluons of arbitrarily low energy can be 
emitted. In order to establish the consistency of such cal- 
culations, one must prove, to all orders in perturbation 
theory, that these soft and collinear gluons factor from 
the hard-scattering process and that the factorized form 
is identical to the conventional one that is obtained in 
the presence of an infrared cutoff of order Aqcd- 1 In the 
absence of such a proof, one would have no guarantee 
in the matching calculation that low-virtuality soft and 
collinear contributions either cancel or can be absorbed 
entirely into the standard nonperturbative functions (dis- 
tribution functions in inclusive processes and distribution 
amplitudes in exclusive processes). 

At the one-loop level, gluons of arbitrarily low energy 
can be treated along with higher-energy soft and collinear 
gluons, and the conventional proofs of factorization ap- 
ply. However, as we shall see, the proof of factorization 
of low-energy gluons becomes more complicated beyond 
one loop. In multiloop integrals, in the on-shell case, 
one finds contributions at leading power in the hard- 



In Ref. [jj, it was asserted that, if a factorized form exists when 
one considers only modes with scales of order Aqcd or greater, 
then the short-distance coefficients are independent of all infrared 
modes, even in perturbative calculations in which modes with 
scales below Aqcd ar e present. This was shown to be the case 
in a one-loop example. However, no general, all-orders proof of 
that assertion was given. 
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scattering momentum in which collinear gluons of low 
energy couple to soft gluons. Our goal is to construct 
a proof of factorization that takes this possibility into 
account. To our knowledge, the existing discussions of 
factorization, either in the context of SCET or diagram- 
matic methods, have not addressed this possibility. 

In on-shell perturbative calculations in SCET, gluon 
transverse momenta extend to zero. Hence, the possibil- 
ity of low-energy gluons with momenta collinear to one 
of the external particles arises. At one-loop level, the 
soft and collinear contributions can be separated through 
the use of an additional cutoff @. However, as we have 
already mentioned, at two-loop level and higher, a low- 
energy collinear gluon can attach to a soft gluon. The 
SCET action is formulated so that soft gluons can be 
decoupled from collinear gluons through a field redefi- 
nition, but there is no corresponding provision to de- 
couple collinear gluons from soft gluons. Therefore, it 
seems that, in SCET, low-energy collinear gluons would 
be treated most straightforwardly as part of the soft (or 
ultrasoft) contribution. This results in a factorized form 
in which the soft function contains gluons with both soft 
and collinear momenta and, hence, contains both soft 
and collinear divergences. 

Alternatively, one can consider a factorized form in 
which gluons with collinear momenta are factored com- 
pletely from the soft function, so that they reside only 
in jet functions that are associated with the initial- or 
final-state hadrons. Such an alternative factorized form, 
in which the soft function is free of collinear divergences, 
has been discussed in the context of factorization for the 
Drell-Yan process in Refs. [7H9(, although the details of 
the factorization of gluons with collinear momenta from 
the soft function were not given. This alternative fac- 
torized form has also been discussed in connection with 
resummation of logarithms in, for example, Refs. [ToT — 
UH . Furthermore, it has been discussed in an axial gauge 
in the context of on-shell quark scattering Axial 
gauges are somewhat problematic, in that they introduce 
unphysical singularities into gluon and ghost propaga- 
tors. Such singularities could potentially spoil contour- 
deformation arguments that are used to ascertain the 
leading regions of integration in Feynman diagrams [13] • 2 
For this reason, we believe that it is important to con- 
struct a proof of factorization in a covariant gauge, such 
as the Feynman gauge, which we employ in the present 
paper. 

A factorized form in which the soft function contains 
no gluons with collinear momenta has several useful fea- 
tures. One is that contributions in which there are two 
logarithms per loop (one collinear and one soft) reside 
entirely in the jet functions, which have a diagonal color 
structure, rather than in the soft function, which has a 



more complicated color structure. Here we focus on a 
feature that is crucial for factorization proofs: A factor- 
ized form in which the soft function contains no collinear 
modes allows one to establish a cancellation of the soft 
function when it connects to a color-singlet hadron. As 
we shall explain below, if the soft function contains glu- 
ons with collinear momenta, then the cancellation of the 
soft function fails at leading order in the large momentum 
scale. 

In this paper, we outline the proof of factorization at 
leading order in the hard-scattering momentum for the 
case of on-shell external partons. For concreteness, we 
discuss the example of the exclusive production of two 
light mesons in e + e~ annihilation. In an intermediate 
step, the factorized form that we obtain contains a soft 
function that is free of collinear divergences. This allows 
us to demonstrate the cancellation of the soft function at 
leading order in the large momentum scale. Our proof 
makes use of standard all-orders diagrammatic methods 
for proving factorization 0-0 • We find that the factor- 
ization of gluons of arbitrarily low energy can be dealt 
with conveniently by focusing on the factorization of con- 
tributions to loop integrals from singular regions, i.e., 
regions that contain the soft and collinear singularities. 
Such singular regions are discussed in Refs. d/Q. How- 
ever, the coupling of low-energy collinear gluons to soft 
gluons is not discussed in those papers. 

The remainder of this paper is organized as follows. In 
Sec. [H] we describe the model that we use for the pro- 
duction amplitude. Section IIIII contains a heuristic dis- 
cussion of the regions of loop momenta that give leading 
contributions. This discussion is aimed at making con- 
tact with previous work on factorization and also sets the 
stage for a more precise discussion of the singular regions 
of loop momenta. In Sec. IIV1 we discuss the diagram- 
matic topology of the leading contributions and also the 
topology of the soft and collinear singular contributions. 
We treat the collinear and soft contributions by making 
use of collinear and soft approximations that are valid in 
the singular regions. These are discussed in Sec.[V] along 
with the decoupling relations for the collinear and soft 
singular contributions. In Sec. I VII we outline the factor- 
ization of the collinear and soft singularities and describe 
how one arrives at the standard factorized form for the 
production amplitude. We also outline the proof of fac- 
torization in the case in which the relative momentum 
between the quark and the antiquark in a meson is taken 
to be nonzero. Here, we discuss the difficulty that arises 
in the cancellation of the soft function if the soft func- 
tion contains gluons with collinear momenta. Finally, in 
Sec. IVIll we summarize our results. 



II. MODEL FOR THE AMPLITUDE 



2 For a discussion of a class of gauges that may ameliorate some 
of these difficulties, see Ref. list . 



Let us consider the exclusive production of two light 
mesons in e + e~ annihilation through a single virtual pho- 
ton. We work in the e + e~ center-of-momentum frame 
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and in the Feynman gauge, and we write four- vectors in 
terms of light- cone components: k = (fc + , k~, fej_), with 
fc ± = (l/\/2)(fc ± fc 3 )- We take each meson to be mov- 
ing in the plus (minus) direction and to consist of an 
on-shell quark with momentum p\ q (j>2q) and an on-shell 
antiquark with momentum piq (p2q)' 
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where < Zi < 1 and Zi does not lie near the endpoints 
of its range. The momentum Pi of the meson Mj is given 
by 



Pi Piq Piq • 



(2) 



The large scale Q is equal to the invariant mass of the 
virtual photon, up to corrections of relative order Pij_/Q. 
We assume that the components of pix are all of order 
Aqcd- It is useful for subsequent discussions to introduce 
a dimensionless parameter 



A = Aqcd/Q. 



(3) 



In order to simplify the initial discussion, we set Pi± = 0. 
We will discuss at the end of the factorization argument 
the effect of keeping the Pi± nonzero. 



III. LEADING REGIONS OF LOOP MOMENTA 

Let us now discuss the regions of loop momenta that 
are leading in powers of the large scale Q. Our anal- 
ysis will be somewhat heuristic, in that, as we will see, 
the boundaries between the various momentum types are 
indistinct. We carry out this analysis in order to make 
contact with previous discussions of factorization and to 
set the stage for our proof of factorization. That proof 
focuses on the soft and collinear singular regions of loop 
momenta, which are distinct. 3 

Suppose that a virtual gluon with momentum fc at- 
taches to external q or q lines with momentum pi and 
Pj. (In the remainder of this paper, we call lines that 
originate in an external q or q "outgoing fermion lines.") 
In the limit in which the components of k are all small 



Power counting in the neig hborhoods of pinch singularities has 
been discussed in Refs. [18| Il9ll . 



compared to the largest components of pi and pj , the 
amplitude associated with this process is proportional to 



d 4 k 



4ft • Pj 



1 



(2pi ■ k + ie)(-2pj ■ k + is) k 2 + 



is 



(4) 



Because the integral is independent of the scale of k, lead- 
ing contributions arise from arbitrarily small momentum 
k. One can emit an additional virtual gluon of momen- 
tum kl from an outgoing fermion line at a point to the 
interior of the emission of a gluon with momentum fc, 
provided that k! - pi > k-pi. Such emissions are arranged 
in a hierarchy along the outgoing fermion lines, accord- 
ing to the virtualities that the emissions produce on the 
outgoing fermion lines. 

Now let us establish some nomenclature to describe 
the regions of loop momenta that yield contributions that 
are leading in powers of the large scale Q. We call such 
momentum regions "leading regions." We outline below 
the construction of an argument to prove that these are 
the only possible leading regions. We consider hard (H), 
soft (S), collinear-to-plus (C + ), and collinear-to-minus 
(C~) momenta, whose components have the following 
orders of magnitude: 



H 

S 

c + 
c~ 



Q(M,1l), 

Qe s (l,lAx), 



Qe+[l,(r^ 2 -+i 



Qe-[{V~ 



(5a) 
(5b) 
(5c) 
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We call a line in a Feynman diagram that carries momen- 
tum of type X an "X line." The parameters es, e + , and 
e~ set the energy scales of the momenta. We define the 
soft region of momentum space by the condition 



es < 1- 



(6) 



We define the collinear region of momentum space by the 
conditions 



e ± < 1, 
rf 1 < 1. 



(7) 



In our definitions of momentum regions, the positions 
of the boundaries between regions are somewhat vague. 
That is because there is no clear distinction between the 
H, S, and regions near the boundaries between re- 
gions: When es ~ 1, an S momentum is essentially an H 
momentum; when rf^ *~ 1, a C momentum is essentially 
an S momentum. 

Soft singularities occur in the limit es — > 0, and 
singularities occur in the limits T) — > 0. Hence, we see 
that, unlike the soft and collinear momentum regions, 
the soft and collinear singularities are distinct. There are 
also singularities that are associated with the scales of the 
collinear momenta. These appear in the limit e — > 0. 
If rr^ is finite, these are essentially soft singularities, but 
they can occur in conjunction with a collinear singularity 
if t? ± — > 0. 
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TABLE I: Conditions under which a gluon with momentum k can attach to a line with momentum p. In each table, the 
left-hand column gives the momentum type of the gluon with momentum k, and the top row gives the momentum type of the 
line with momentum p. Each entry gives the conditions that must be fulfilled if the attachment is to satisfy our conventions for 
attachments, as described in the text, and also yield a contribution that is not suppressed by powers of ratios of momentum 
components. For purposes of power counting, an H line behaves as a soft line with es ~ 1. The rules for the attachment if k 
is a C^ momentum are the same as the rules of attachment if k is a C^ momentum. As is explained in the text, if k is 5", and 
the lines to which it attaches have momentum p; and Pj, then p; and Pj cannot both be C + or C~ . Furthermore, if k is C ± , 
then at least one of pi and pj is C . 



We do not consider gluon loop momenta of the 
"Glauber" type [H, in which k + t k~ < |fcj_|. The rea- 
son for this is that, for exclusive processes, the k + and 
k~ contours of integration are not pinched in the Glauber 
region, and, hence, one can always deform them out of 
that region fPj\ . 

If we take e ± to be of order one and es and ^ to be of 



order A [Eq. ([5])]. then the resulting momenta are those 
that are treated in SCETn Soft momenta with es 

of order A 2 have been considered in Ref. [22| in the con- 
text of two- loop-order contributions to £?-meson decays, 
and the possibility of leading momentum regions involv- 
ing momenta of arbitrarily small energy is mentioned in 
Ref. 23] for the case of massive particles. 



We wish to determine the configurations of the various 
momentum types in a Feynman diagram that are leading, 
in the sense that they are not suppressed by powers of 
the ratios of momentum components. In our analysis, we 
begin with the hard subdiagram plus the bare external q 
and q for each meson. Then we add one gluon at a time to 
the diagram. (Each added gluon possibly contains quark, 
gluon, and ghost vacuum polarization loops.) There are 
many redundant procedures for adding gluons to obtain 
a diagram with a given momentum configuration. We 
adopt the following convention: We say that a gluon with 
momentum I can attach to a line with momentum p only 
if the momentum p + 1 is predominantly of the same type 
as momentum p. For example, an S gluon with momen- 
tum I can attach to a C^ line with momentum p only if 
es is of order e^rj^ or smaller, so that the plus (minus) 
component of p+l is the dominant component. Similarly, 
a gluon with momentum / can attach to an S gluon 
with momentum p only if e^ is of order £5 or smaller, so 
that all components of p + l are approximately equal. We 
call the sum of a momentum and an S momentum 
with es ~ e ± 77 ± a momentum. The sum of a mo- 
mentum and a C T momenta with e ± (?7 ± ) 2 <C e T <C e^ is 
also a C' ± momentum. We also allow the attachment of a 
momentum to a momentum with e + ~ e~, and, 
in this case, we call the sum of the C + momentum and 
C~ momentum a CC momentum. These combination 



momenta have the following orders of magnitude: 

C+ : Qe+(1, *,+ ,!!+), (8a) 

C~ : Qe-(fj-,l,Vl), (8b) 

CC : Qe CC (l,l,Vcc±), (8c) 

where 

1 > ?7 ± > (if ) 2 . (9) 

In order to determine the momenta of attached gluons 
that can result in a leading power count, it is useful to 
consider the expression In the first two factors in 
the denominator of the expression (f4]) , terms of the form 
p 2 and k 2 have been dropped. Thus, the denominator 
of the expression (f?)) gives a lower bound on the order 
of magnitude of the exact denominator. Because of our 
convention for the allowed momentum types for k, the 
numerator pi ■ pj in the expression ^ gives the leading 
behavior unless pi and pj are both either C + or C~ . For 
such cases, we need to consider numerator factors k 2 , 
k ■ pi, and k ■ pj, in addition to pi ■ pj. Otherwise, we 
can use the expression ^ as it stands to obtain an up- 
per bound on the magnitude of the factors that appear 
when one adds a gluon. The expression (TJJ has the useful 
property that it is independent of the scales of the mo- 
menta k, pi, and Pj, and so it can be used to determine 
rules for the leading momentum configurations that are 
independent of the scales of the momenta. From these 
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considerations, it is easy to see that k must be S, C + , or 
C~ in order to obtain a leading power count. We regard 
these momentum types as primary, in the sense that the 
loop-integration variables correspond to these momenta. 
Other momentum types can arise when we add these pri- 
mary types, following our convention above for allowed 
attachments. It follows that, if k is S, then pi and pj 
cannot both be C + or C~ , It also follows that, if k is 
, then at least one of pi and pj is . 
If we restore the terms of the form p 2 and k 2 in the 
denominators of the expression @, then there can be 
an additional suppression of the amplitude. 4 In order to 
obtain a leading contribution, we must have 

k-p > k 2 , 

k-p>p 2 . (10) 

Taking into account the additional conditions in Eq. (TlOT) , 
we obtain the rules for the leading contributions that are 
given in Table |U In Table HI the symbol "~" means that 
quantities have the same order of magnitude. In each 
expression in Table I, if the quantity with subscript k is 
much greater than the quantity with subscript p, then 
the attachment is not allowed because p + k is not essen- 
tially of the same momentum type as p. If the quantity 
with subscript k is much less than the quantity with sub- 
script p, then the contribution is suppressed by a power 
of the ratio of those quantities. 5 The rules in Table U 
also apply when the added gluon attaches to one of the 
outgoing fermion lines. In that case, one sets r/ + = or 
rf~ = on the outgoing fermion line. In Table HI we have 
not given the rules for the attachments of gluons with 
or C momenta to lines with or C< momenta. 
The rules for such attachments are complicated and can- 
not be characterized simply in terms of the magnitudes 
of the momentum components, as is the case for the at- 
tachments listed in Table |TJ For our purposes, it suffices 
to note that necessary conditions for such attachments 
are given in Eq. (|10l) . 



4 In counting powers in this case, we assume that a C* line is off 
shell by an amount of order Q 2 (e ± ) 2 (f? = ' = ) 2 and that an S line 
is off shell by an amount of order Q 2 (es) 2 . In the integrations 
over the momenta that are associated with the virtual particles, 
there are contributions from the neighborhoods of the mass-shell 
poles. However, because the poles in the fc+ and k~ complex 
planes are well separated, one can always deform the fc+ and 
k~ contours of integration into the complex plane such that a 
gluon never has virtuality smaller than of order the square of its 
transverse momentum. 

5 Suppose that we add an S gluon to a C* gluon with eg ~ rf^e^ 
or that we add a gluon to a gluon with ~ r^e^ . Then, 
the sum of the momenta is no longer of the type. Because 
this change in momentum can propagate through the diagram, 
such additions of gluons can affect vertices other than those of 
the added gluon and propagators other than those adjacent to a 
vertex of the added gluon. In these cases, one must check that 
the rules in Table [I] still allow the attachments at the affected 
vertices. 




FIG. 1: Leading regions for double light-meson production 
in e + e~ annihilation. The wavy line represents the virtual 
photon. 

The constraints in Eq. (110p imply that an attachment 
of a gluon to a given line is allowed only if the virtuality 
that it produces on that line is of order or greater than 
the virtuality that is produced by the gluons that attach 
to that line to the outside of the attachment in ques- 
tion. Here, and throughout this paper, "outside" means 
toward the on-shell ends of the external quark and anti- 
quark lines. If a gluon with momentum k of type C ± , , 
S, C T , or CC attaches to a C ± line from an on-shell out- 
going quark or antiquark, it adds virtuality Q 2 e^ (?7^) 2 , 
Q 2e kVk> Q 2 £S k , Q 2 £fc , or Q 2 e C c k , respectively. 



IV. TOPOLOGY OF THE LEADING 
CONTRIBUTIONS 

A. Topology of the leading momentum regions 

By taking into account the allowed gluon attach- 
ments in Table HI one arrives at the topology of Feyn- 
man diagrams that is shown in Fig. [1] This topology 
is similar in appearance to topologies that have been 
discussed previously in connection with the identifica- 
tion of I R (p inch) singularities in Feynman diagrams 
0, 0, [H, Hjj- However, as we will explain, the subdia- 
grams in Fig.[T[contain finite ranges of momenta, whereas 
those in Refs. P.[l8l.r24j contain only infinitesimal neigh- 
borhoods of the soft and collinear singularities. (We will 
discuss the topology of the soft and collinear singularities 
in Sec. lTVCl ) 

In the topology of Fig. [TJ there is a jet subdiagram 
for each of the collinear regions (corresponding to each 
light meson), there is a hard subdiagram that includes 
the production process at lowest order in a s , and there 
is a soft subdiagram. 

We include in the hard subdiagram all propagators 
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FIG. 2: A two-loop example in which a C + gluon attaches to an S gluon. The V% are the vertex factors, and the Di are the 
propagator factors. 



that are off shell by order Q 2 . That is, we include lines 
carrying both momentum H and momentum CC with 
ecc ~ 1- (The propagators in the Born process carry 
momenta CC with ecc ~ 1-) 

The soft subdiagram includes gluons with S momenta, 
which may contain quark, gluon, and ghost loops. The 
soft subdiagram attaches to the jet subdiagrams through 
any number of S'-gluon lines, according to the rules in 
TablelU Note that a gluon carrying momentum Si cannot 
attach to a line carrying momentum Sj unless est ~ e S ■, 
and so various part of the soft subdiagram cannot attach 
to each other. 

The C ± -jet subdia gram J contains the external 
quark lines for the meson with C momentum, as well 
as gluons with C momenta, which may contain quark, 
gluon and ghost loops. We also include in J 1 * 1 lines car- 
rying CC momentum with ecc ^ 1 that occur when a 
gluon carrying momentum C^ from a jet attaches to 
a line carrying C^ momentum in J ± . Each jet subdia- 
gram attaches to the hard subdiagram through the exter- 
nal quark and antiquark lines and through any number 
of C^- gluons with e ~ 1. A gluon carrying C or 
momentum can connect the J ± subdiagram to the 
subdiagram, but only with the attachments in Table Q] 
Of particular note is the fact that a gluon carrying mo- 
mentum C ± or C ± can connect a C^ jet to an S line in 
the soft subdiagram, provided that e ± ~ eg. This is a 



feature of scattering processes in the on-shell case that 
does not appear when one has an infrared cutoff of order 
Aqcd- The factorization of gluons carrying collinear mo- 
menta from the soft subdiagram is one of the principal 
technical issues that we address in this paper. 

In order to prove factorization, we need to show that 
the nonperturbative contributions to Feynman diagrams 
(those with virtualities of order Aq CD or less) either can- 
cel or can be factored into the meson distribution am- 
plitudes. Specifically, we will argue that the nonpertur- 
bative contributions associated with the soft divergences 
factor from the J ± subdiagrams and cancel and that the 
nonperturbative contributions associated with the C^ di- 
vergences factor from the , hard, and soft subdiagrams 
and can be absorbed into the J meson distribution am- 
plitude. These factorizations and cancellations establish 
that the production amplitude depends only on the prop- 
erties of the individual mesons, and not on correlations 
between the two mesons, except through the hard sub- 
process. 



B. Two- loop example 

In Fig. [5] we show a two-loop example in which a C + 
gluon attaches to an S gluon. 



We take the C + momentum to be h — Qe + (1, r? 2 , ?7+) 
and the S momentum to be l 2 = Qes(l, 1, We 
assume that e + < 65, and we route the l\ momentum 



through the D5 propagator. Then, we find the factors for 
the diagram that are shown on the right side of Fig. [21 
Combining these factors, we obtain the following order of 
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magnitude for the two-loop correction: ese + /{&- 



We see that this result is independent of Q, as expected, 
and is also independent of rj. This contribution is lead- 
ing if e + ~ es, but it vanishes in the limit e + / 'es — > 0, in 
accordance with the rule in Table HI 



C. Topology of the singular momentum regions 

In the preceding discussion, as we have noted, the 
soft and collinear momentum regions are not well dis- 
tinguished. If rf 1 ~ 1, then a collinear momentum is 
virtually identical to a soft momentum. Similarly, if 
the components of a soft momentum have significantly 
different sizes, then a soft momentum can be virtually 
identical to a collinear momentum. In discussions of fac- 
torization, we rely on collinear approximations that are 
accurate only for r]^ 1. In order to apply such approx- 
imations, we must avoid the problems in distinguishing 
soft and collinear momenta that arise near the bound- 
aries between these regions. Furthermore, the soft ap- 
proximation for the attachment of a soft gluon to a C 
line becomes inaccurate as the soft momentum becomes 
more nearly a momentum. Again, we encounter a 
problem that occurs near the boundary between momen- 
tum regions. In the discussion that follows, we avoid 
such boundary issues by focusing on infinitesimal neigh- 
borhoods of the soft and collinear singularities (singular 
regions). 6 As a first step in proving factorization, we will 
demonstrate the factorization of these singular regions. 

The topologies of soft and collinear singular regions 
have been discussed in the context of factorization theo- 
rems for inclusive processes in Refs. [§, 9]. These topolo- 
gies follow from the rules for power counting that we 
have given in Sec. Mil Let us describe the relationship of 
the topologies of the singular regions to the topologies in 
Fig. [TJ The C singularities reside in the outermost part 
of the subdiagram, which we call the J ± subdiagram. 
(We consider the J ± subdiagram to be part of the 
subdiagram, and we call the part of the J subdiagram 
that excludes the ^ subdiagram the J ± — J* subdi- 
agram.) The soft singularities reside in the outermost 
part of the S subdiagram, which we call the S subdia- 
gram. (We consider the S subdiagram to be part of the 
S subdiagram, and we call the part of the S subdiagram 
that excludes the S subdiagram the S — S subdiagram.) 
S singular gluons connect the S subdiagram only to the 
J 1 * 1 subdiagrams. The J* subdiagrams connect to the 
J , J T , S, and H subdiagrams via C ± gluons. We em- 



It has been suggested that problems that arise near boundaries 
between momentum regions can be avoided by implementing 
a subtraction scheme that is akin to the Bogoliubov-Parasiuk- 
Hepp-Zimmerman formalism for subtraction of ultraviolet di- 
vergences 8, 9]. Such a subtraction scheme has not yet been 
constructed, although one-loop examples have been given in the 
context of the zero-bin-subtraction method of SCET [f|. 



phasize that the subdiagrams connect, via C gluons 
to the S subdiagram. This last type of connection is a 
feature that was not included in the discussion of lead- 
ing (pinch) singularities in Refs. p| H|. Otherwise, the 
topologies that we find are the same as in Refs. Q, 
provided that we identify the hard subdiagram in those 
references with the union of all of the subdiagrams in our 
topology except for S, J + , and J~ . We call this union 
H. 



V. COLLINEAR AND SOFT 
APPROXIMATIONS AND DECOUPLING 
RELATIONS 

Our strategy is to show that contributions from the 
J subdiagrams factor from the J^, hard, and S sub- 
diagrams and can be absorbed into the meson dis- 
tribution amplitude and that contributions from the S 
subdiagram factor from the J subdiagrams and can- 
cel. We treat the contributions from the C singular 
regions by making use of a collinear-to-plus (minus) ap- 
proximation 0-0 for the gluons that attach the 
subdiagram to the J T , H, and S subdiagrams. The C ± 
approximations capture all of the collinear-to-plus (mi- 
nus) singularities, but become increasingly inaccurate as 
one moves away from the singularities. Similarly, we treat 
the contributions from the S singular regions by using a 
soft approximation for the gluons with S momentum that 
attach the S subdiagram to the J ± subdiagrams. The 
soft approximation captures all of the soft singularities, 
but becomes increasingly inaccurate as one moves away 
from the singularities. 



A. Collinear approximation 

Let us now describe the collinear approximation explic- 
itly. Suppose that a gluon carrying momentum in the C 
singular regions attaches to a line carrying H, C T , C T , 
S, or CC momentum. Then, we can apply a collinear ap- 
proximation to that gluon [7H9( with no loss of accuracy. 
The collinear-to-plus (C + ) and collinear-to-minus (C~) 
approximations consist of the following replacements in 
the gluon-propagator numerator: 



6V 



k ■ %i — is 
k ■ fi2 + ie 



(C + ), 
(C-). 



(11) 



The index fi corresponds to the attachment of the gluon 
to the hard, soft, or subdiagram, and the index v 
corresponds to the attachment of the gluon to the 
subdiagram. Our convention is that k flows out of a C + 
line and into a C~ line. There is considerable freedom 
in choosing the auxiliary vectors ni and tt.2. In order to 
reproduce the amplitude in the collinear singular region, 
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it is only necessary to have n\ ■ pi q > (or ni • piq > 0) 
and n 2 -P2q > (or fi2 -P2q > 0). We choose n\ and n 2 to 
be lightlike vectors in the minus and plus directions such 
that, for any vector q, q-fi\ — q + and q-fi2 = q- The 
approximation relies on the fact that the ± component 
of k dominates in the collinear limit, provided that the \x 
index connects to a current in which the =F component is 
nonzero. Because of this last stipulation, we cannot apply 
the collinear approximations to a gluon carrying momen- 
tum in the singular region when it attaches to a line 
that is also carrying momentum in the C ± singular re- 
gion. In the approximation, the gluon's polarization 
is longitudinal, i.e., proportional to the gluon's momen- 
tum, which is essential to the application of graphical 
Ward identities to derive decoupling relations. 



B. Soft approximation 

Suppose that a gluon that carries momentum k in the 
S singular region attaches to a line carrying momentum 
p that lies outside the S singular region. Then we can 
apply the soft approximation without loss of accuracy. 
The soft approximation [25], [26[ consists of replacing g^ v 
in the gluon-propagator numerator with k^p v /k-p, where 
the index \x corresponds to the attachment of the gluon 
to the line with momentum p. Unlike the collinear ap- 
proximation, the soft approximation depends on the mo- 
mentum of the line to which the gluon attaches. For the 
attachment of the gluon with momentum k to any line 
with momentum in the C + (C~ ) singular region, the soft 
approximation consists of the following replacements in 
the gluon-propagator numerator: 



Pi, o-i 



9^ 



kpji\ v 
k ■ n\ + ie 

k^n2 V 
k ■ n 2 



IE 



(c-), 



(12) 



where n\ and ri2 are lightlike vectors that are propor- 
tional to pi q (or piq) and p2 q (or P2q), respectively, and 
are normalized such that, for any vector q, n\ -q — q~ and 
n 2 • q — q + ■ The index p contracts into the line carrying 
the momentum of type C + (C~). 



C. Decoupling relations 

Once we have implemented a collinear or soft approx- 
imation, we can make use of decoupling relations to fac- 
tor contributions to the amplitude. The decoupling rela- 
tions for collinear and soft gluons have the same graphical 
form, which is shown in Fig. [3J 

If any number of longitudinally polarized gluons car- 
rying momenta in the C + (C _ ) singular region attach 
in all possible ways to a subdiagram, then the C + (C~) 
decoupling relation applies. The subdiagram can have 
any number of truncated external legs and any number 





FIG. 3: Graphical form of the decoupling relations for 
collinear and soft gluons. The relations show the decoupling 
of longitudinally polarized gluons, which are represented by 
curly lines. The C + (C~) decoupling relation applies when 
the longitudinally polarized gluons all have momenta in the 
C + (C~) singular region. The S + (S~) decoupling relation 
applies when the longitudinally polarized gluons all have mo- 
menta in the S singular region and the subdiagram that is 
represented by an oval contains only lines with momenta in 
the C + (C~) singular region. The longitudinally polarized 
gluons are to be attached in all possible ways to the oval. The 
arrows on the gluon lines represent the factors fc M n I/ /(fc • n) 
[k^n v /(k ■ n)\ that appear in the collinear (soft) approxima- 
tion. The external lines with hash marks are truncated. In 
addition, the subdiagram can include any number of untrun- 
cated on-shell external legs (not shown), provided that the 
polarizations of the on-shell gluons are orthogonal to their 
momenta, pt are momenta, and the ai are color indices. The 
double lines are C + , C~ , S + , or S~ eikonal lines, which are 
described in the text. 



of untruncated on-shell external legs, provided that the 
polarization of each on-shell gluon is orthogonal to its 
momentum. In the C + (C~) case, the eikonal (double) 
lines shown in Fig.[3]have the Feynman rules that a vertex 
is ^igTafii^ (±igT a n2fj,) and a propagator is i/(k-ni —ie) 
[i/(k-fi2+is)], where the upper (lower) sign in the vertex 
is for eikonal lines that attach to quark (antiquark) lines. 
Here, T a is an SU(3) color matrix in the fundamental 
representation. (Our convention is that a QCD gluon- 
quark vertex is igTaj^.) We call these eikonal lines C + 
and C~ eikonal lines, respectively. 

An analogous decoupling relation holds when any num- 
ber of longitudinally polarized gluons with momenta in 
the soft singular region attach in all possible ways to 
a subdiagram that contains only lines with momenta 
in the C + (C~) singular regions. Again, the subdia- 
gram can have any number of truncated external legs 
and any number of untruncated on-shell external legs, 
provided that the polarization of each untruncated on- 
shell gluon is orthogonal to its momentum. In this case, 
the eikonal lines have the Feynman rules that a vertex is 
±igT a ni^ ( z figT a n2 f j,) and a propagator is i/(k ■ n\ + ie) 
\{i/ (k-ri2— ie)] when the subdiagram is C + (C - ). We call 
these eikonal lines S + and S~ eikonal lines, respectively. 7 



7 The decoupling relations rely on the fact that, in the collinear 
and soft singular regions, the momenta of the attached gluons 
are effectively parallel to each other. This fact is obvious in the 
case of the collinear singular regions. In the case of the soft sin- 
gular region, this is also the case because the currents to which 
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Type 


Vertex 


Propagator 


C+ 




i 

k ■ n\ — ie 


cr 




i 

k • T12 -\- ie 


s+ 


±igT a nip 


i 

k ■ m + ie 


s~ 




i 

k ■ n2 — ie 



TABLE II: Feynman rules for the collinear (C^) and soft 
(S ± ) eikonal lines. The upper (lower) sign is for the eikonal 
line that attaches to a quark (antiquark) line. 



The Feynman rules for the eikonal lines in the collinear 
and soft decoupling relations are summarized in Table [TT1 



VI. FACTORIZATION 

Now let us describe the factorization of the contribu- 
tions from the C + , C~, and S singular regions. 

We can determine the momentum assignments that 
give singular contributions by making use of the power- 
counting rules that we have outlined in Sec. IIIII When 
we apply these rules to the attachments of gluons with 
momenta in the singular regions, the symbol ~ and the 
phrase "of the same order" mean that quantities do not 
differ by an infinite factor, while the phrases "much less 
than" and "much greater than" mean that quantities do 
differ by an infinite factor. Hence, for gluons with mo- 
menta in the singular regions, our convention that an al- 
lowed attachment of a gluon cannot change the essential 
nature of the momentum of the line to which it attaches 
has the following meaning: The attaching gluon cannot 
have an energy that is greater by an infinite factor than 
the energy of the line to which it attaches. 

The rules in Sec. IIIII lead to complicated relationships 
between the allowed momenta of gluons in a given dia- 
grammatic topology. However, there is a general princi- 
ple, which we have already mentioned, that allows us to 



the soft gluons attach are all in the plus (minus) direction when 
the soft gluons attach to a C + (C~) subdiagram. Hence, only 
the minus (plus) components of the gluons' momenta appear in 
invariants. In Refs. an alternative definition of the soft ap- 

proximation is given in which this fact is made manifest. In this 
definition, if the soft gluon attaches to the J+ (J — ) subdiagram, 
then the momentum k is replaced, in the subdiagram and in the 
soft approximation, with a collinear momentum k = n\k ■ n\ 
(k = nik ■ ?ii). This alternative definition of the soft approxi- 
mation is equivalent to the one that is implied by the Feynman 
rules for SCET. It has the property that the decoupling relation 
(field redefinition in SCET) holds even outside the soft singular 
region. 



organize the discussion: The attachments of gluons to a 
given line must be ordered so that a given attachment 
produces a virtuality along the line that is of order or 
greater than the virtualities that are produced by the at- 
tachments that lie to the outside of it. In particular, the 
virtuality that a C ± , C , or S singular gluon produces 
on a C^, C^, or S line is of order its energy times the 
energy of the line to which it attaches. 



A. Characterization of the singular contributions 

The relationships between allowed momenta lead to a 
hierarchy of scales as the singular limits are approached. 
Consider, for example, the contribution in which an ad- 
ditional soft gluon is attached to the diagram of Fig. [2] 
to the same outgoing fermion lines as the other gluons, 
but to the outside of them. In order for this contribution 
to be leading, the additional soft gluon must produce a 
virtuality on the outgoing fermion lines that is of order 
or less than the virtuality of D\ or D3. The former con- 
dition implies that the energy scale of the additional soft 
gluon e' s must be of order or less than e + (r] + ) 2 . Since 
£s ~ e + , this implies that e' s ~ es(?7 + ) 2 . That is, in the 
collinear singular limit, e' s is infinitesimal with respect to 

From such arguments it is clear that an infinite hierar- 
chy of virtualities of various infinitesimal orders appears. 
However, these orders of virtuality are well separated in 
the singular limits. That is, the various gluon energy 
scales differ by infinite factors, as in our example. This 
property allows us to organize the singular contributions 
in such a way that we can apply the soft and approx- 
imations to obtain the factorized form. 

In order to carry out the factorization, we need to dis- 
tinguish two cases for the ordering of the energy scale of 
a collinear momentum relative to the energy scale of a 
soft momentum. Both of these orderings can yield con- 
tributions that are nonvanishing in the limits es — > 0, 
-> 0. 

Case 1: As es — > 0, e ± /es is finite. (It is easy to 
see that the contribution in which e /es goes to zero 
vanishes. See for example, Sec. IIVBI ) In this case, we 
say that the collinear singular momentum and the soft 
singular momentum have energies that are of the same 
order. 

Case 2: As es 0, es/e* ~> 0. 8 In this case we say 
that the soft singular momentum has energy that is in- 
finitesimal in comparison with the energy of the collinear 
singular momentum. 

We will use an iterative procedure to factor gluons 
at the different levels of the hierarchy of energy scales. 
It is useful to establish first a general nomenclature to 



8 This is the situation that was discussed in Refs. §,0. 



characterize this hierarchy of energy scales. We charac- 
terize each level in the hierarchy by the energy scale of 
the soft singular gluons in that level. We call that en- 
ergy scale the "nominal scale" . We call soft singular and 
collinear singular gluons that have energies of order this 
scale nominal-scale gluons. We call collinear singular glu- 
ons that have energies that are infinitely larger than the 
nominal energy scale but infinitely smaller than the next- 
larger soft-gluon scale "large-scale" collinear gluons. The 
nominal-scale collinear gluons are of the type in case 1 
above with respect to the nominal-scale soft gluons. The 
large-scale collinear gluons are of the type in case 2 above 
with respect to the nominal-scale soft gluons. 

B. Factorization of the singular contributions 

Let us now describe the factorization of the singular 
contributions. We make use of an iterative procedure in 
which gluons of higher energies are factored before gluons 
of lower energies. As we shall see, this ordering of the fac- 
torization procedure is convenient because it allows us to 
apply the decoupling relations rather straightforwardly 
to decouple gluons whose attachments lie toward the in- 
side of the Feynman diagrams before we decouple gluons 
whose attachments lie to the outside of the Feynman di- 
agrams. 

We will illustrate the factorization of the large-scale 
collinear gluons and the nominal-scale soft and collinear 
gluons for double light-meson production in e + e _ annihi- 
lation by referring to the diagram that is shown in Fig. @] 
In this diagram, we have suppressed gluons with ener- 
gies that are much less than the nominal scale. These 
gluons have attachments that lie to the outside of the 
attachments of the gluons that are shown explicitly. In 
the diagram in Fig. |4l each gluon represents any finite 
number of gluons, including zero gluons. For clarity, we 
have suppressed the antiquark lines in each meson and 
we have shown explicitly only the attachments of the glu- 
ons to the quark line in each meson and only a particular 
ordering of those attachments. However, we take the di- 
agram in Fig. |4] to represent a sum of many diagrams, 
which includes all of the attachments that we specify in 
the arguments below of the singular gluons to the quark 
and antiquark in each meson, to other singular gluons, 
and to the H subdiagram. 



1. Factorization of the large-scale C gluons 

We begin with the large-scale C ± gluons that have the 
largest energy scale, and proceed iteratively through all 
of the scales of the large-scale C ± gluons. In the first 
step of the iteration, those are gluons with finite-energy 
collinear singular momenta. In the subsequent steps, 
only gluons with infinitesimal collinear singular momenta 
are present. Gluons with relatively infinitesimal energies 
may attach to a gluon that carries a singular momen- 
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FIG. 4: Diagram to illustrate the factorization of large-scale 
collinear gluons and nominal-scale soft and collinear gluons for 
double light-meson production in e + e~ annihilation. Cx, s de- 
notes a large-scale C l singular gluon, C NS denotes a nominal- 
scale C l singular gluon, and 5ns denotes a nominal-scale S 
singular gluon. 



turn. We still consider that gluon to carry C singular 
momentum. 

First, we wish to apply the C + approximation and the 
C + decoupling relation (Fig. [3]) to decouple the large- 
scale C + gluons that originate in the J + subdiagram 
from the H and J~ subdiagrams. In applying the de- 
coupling relation, we need to know the extent of the sub- 
diagram in Fig. [3j Eikonal lines appear at the points at 
which the subdiagram is truncated. 

We include the attachments of gluons with large-scale 
C + momenta to the J~ subdiagram that are allowed by 
our conventions and by power counting. Here, and in the 
discussions to follow, we consider a gluon to be at- 
tached to the subdiagram if and only if its momentum 
routes through H. 

We include all of the attachments of gluons with large- 
scale C + momenta to H. We include the attachments 
that are allowed by our conventions and by power count- 
ing. However, we also include formally attachments to H 
that yield vanishing contributions in the singular limits. 
(In subsequent iterations, we include formally, as well, 
the vanishing attachments of large-scale C + gluons to 
points on C~ eikonal lines that lie to the interior of the 
outermost attachment of a C~ singular gluon.) 

In applying the C + decoupling relation, we do not in- 
clude attachments of gluons with large-scale C + momen- 
tum to a gluon with nominal-scale S momentum: Such 
attachments violate our convention for allowed attach- 
ments because they alter the nature of the S singular 
momentum. However, as we mentioned above, gluons 
with nominal-scale S singular momenta can attach to a 
gluon with large-scale C + singular momentum without 



altering the nature of the C + singular momentum. We 
carry these attachments along as we attach the gluon 
with finite C + singular momentum to other lines in the 
diagram. We follow this same procedure in discussions 
below in treating gluons whose energies are infinitesimal 
with respect to the energy of an 5 or a singular gluon 
to which they attach. 

The allowed attachments of gluons with large-scale C + 
momenta to a C~ singular line lie to the inside of the 
attachments of gluons with nominal-scale S or mo- 
menta. Therefore, one might expect that, when the C + 
decoupling relation is applied, a C + eikonal-line contri- 
bution would appear at the vertex immediately to the 
outside of the outermost allowed attachment of a large- 
scale C + gluon. In fact, such an eikonal-line contribution 
vanishes because the propagator on the singular line 
just to the outside of the outermost allowed attachment 
of a gluon with large-scale C + singular momentum is on 
shell, and, in the case of a gluon line, has physical polar- 
ization (polarization orthogonal to its momentum), up 
to relative corrections of infinitesimal size. Therefore, 
we omit such eikonal-line contributions in applying the 
decoupling relation. 

Then, the result of applying the decoupling relation is 
that the gluons with large-scale C + momenta attach to 
C + eikonal lines that attach to the outgoing fermion lines 
in J+ just to the outside of the H subdiagram. 

Next we decouple the gluons that originate in the J~ 
subdiagram and have large-scale C~ momenta from the 
H and J + subdiagrams. The procedure follows the same 
argument as for the gluons with large-scale C + singu- 
lar momenta, except for one new ingredient: We must 
include formally the vanishing attachments of the glu- 
ons with large-scale C~ momenta to the C + eikonal lines 
from the previous step. Note that we need to include only 
the attachments that lie to the interior of the attachment 
of the outermost gluon with C + singular momentum in 
order to apply the C~ decoupling relation. The result of 
applying the C~ decoupling relation is that gluons with 
large-scale C~ momenta attach to C~ eikonal lines that 
attach to C~ outgoing fermion lines just to the outside 
of the H subdiagram. 

Now, we iterate this procedure for the large-scale 
gluons at the next-lower energy scale. The result of ap- 
plying the decoupling relations is that the large-scale 
gluons attach to eikonal lines that attach to the 
outgoing fermion lines just to the inside of the eikonal 
lines from the previous iteration. It is easy to see that, on 
each outgoing fermion line, the eikonal line from the 
current iteration can be combined with the eikonal 
line from the previous iteration into a single C eikonal 
line. On the combined eikonal line, the attachments 
of gluons with the smaller energy scale lie to the out- 
side of the attachments of gluons with the larger energy 
scale. (Other orderings yield vanishing contributions.) 
We continue iteratively in this fashion until we have fac- 
tored all of the large-scale C gluons. After this decou- 
pling step, the sum of diagrams represented by Fig. 0] 
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FIG. 5: Diagram representing the sum of diagrams that 
occurs after one applies the decoupling of the large-scale 
collinear gluons that is described in Sec. IVI B II 

becomes a sum of diagrams represented by Fig. [5] 



2. Factorization of the nominal-scale C gluons 

Next we factor the nominal-scale C ± gluons. In apply- 
ing the C + decoupling relation, we include the allowed 
attachments of these gluons to the J~ subdiagram and 
the attachments to the nominal-scale soft gluons. We 
also include formally the vanishing contributions from 
the attachments of the nominal-scale gluons to the H 
subdiagram and to the C~ eikonal lines. Because of 
the ordering of virtualities along a line with C' + singular 
momentum, the outermost attachment to such a line of 
a gluon with nominal-scale C + momentum must lie to 
the outside of the outermost attachment of a gluon with 
nominal-scale S momentum. It is then easy to see that, 
for every attachment described above of a C + line to a 
line with momentum that is not C + singular, the C + 
approximation holds exactly. The propagator that 
lies to the outside of the outermost allowed attachment 
of a gluon with nominal-scale C + momentum to a line 
with C~ singular momentum is on-shell, and, in the case 
of a gluon line, has physical polarization, up to relative 
corrections of infinitesimal size. Therefore, when we ap- 
ply the C + decoupling relation, no eikonal line appears 
at the vertex immediately to the outside of this outer- 
most attachment of a gluon with nominal-scale C + mo- 
menta. The result of applying the C + decoupling relation 
is that the nominal-scale C + gluons attach to several C + 
eikonal lines. These eikonal lines attach in the follow- 
ing locations: to the outgoing C + fermion lines just to 
the outside of H, but to the inside of the large-scale C + 
eikonal lines; just to the soft-gluon side of each vertex 
involving a nominal-scale soft gluon and a C + singular 
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FIG. 6: Diagram representing the sum of diagrams that oc- 
curs after one applies the initial decoupling of the nominal- 
scale collinear gluons that is described in Sec. IVIB 21 

gluon of the large scale or a larger scale. In a similar 
fashion, we factor the nominal-scale C~ gluons. The re- 
sult of applying the C~ decoupling relation is that the 
C~ singular gluons attach to several C~ eikonal lines. 
These eikonal lines attach to the following locations: to 
the outgoing C~ fcrmion lines just to the outside of H, 
but to the inside of the large-scale C~ eikonal lines; just 
to the soft-gluon side of each vertex involving a nominal- 
scale soft gluon and a singular gluon of the large 
scale or a larger scale. After this decoupling step, the 
sum of diagrams represented by Fig. [5] becomes the sum 
of diagrams represented by Fig. [6j 



3. Factorization of the nominal- scale S gluons 

We now wish to apply the soft decoupling relations 
to factor the nominal-scale soft gluons. In order to do 
this, we implement the S approximations for the at- 
tachments of the soft gluons to the C singular lines of 
the large scale or a larger scale. However, we make a 
slight modification to the soft approximation by combin- 
ing the momentum of the nominal-scale soft gluon with 
the total momentum of the associated nominal-scale C ± 
eikonal line. Then, when we implement the S decou- 
pling relations, the nominal-scale C ± eikonal lines are 
carried along with the nominal-scale soft-gluon attach- 
ments. In applying the S + decoupling relation, we in- 
clude attachments of nominal-scale soft gluons to the J + 
subdiagram, and in applying the S~ decoupling relation, 
we include attachments of nominal-scale soft gluons to 
the J~ subdiagram. Because we have already factored 
the attachments of nominal-scale C ± gluons, the S ± ap- 
proximations hold, up to relative corrections of infinites- 
imal size. We also include vanishing attachments of the 




FIG. 7: Diagram representing the sum of diagrams that oc- 
curs after one applies the decoupling of the nominal-scale soft 
gluons that is described in Sec. IVIB 31 

nominal-scale soft gluons to the large-scale eikonal lines 
[H, including only those soft-gluon attachments that lie 
to the inside of the outermost C + -gluon attachments. 
The C ± propagator that lies to the outside of the outer- 
most allowed attachment of a nominal-scale soft gluon to 
a line is on shell, up to relative corrections of infinites- 
imal size. Therefore, when we apply the S ± decoupling 
relations, no S eikonal lines appear at the vertices just 
to the outside of the outermost allowed attachments. The 
result of applying the decoupling relations is that soft 
gluons attach to eikonal lines. These eikonal lines at- 
tach to the outgoing C ± fermion lines just to the outside 
of the nominal-scale C ± eikonal lines and just to the in- 
side of the large-scale C ± eikonal lines. Associated with 
each attachment of a nominal-scale soft gluon to an S ± 
eikonal line is a C eikonal line to which nominal-scale 
gluons attach. After this decoupling step, the sum 
of diagrams represented by Fig. [5] becomes a sum of dia- 
grams represented by Fig. [7] 

4- Further factorization of the nominal-scale C gluons 

We next factor the nominal-scale C ± gluons from the 
S ± eikonal lines. In order do this, we include formally the 
vanishing contributions that arise when one attaches the 
nominal-scale C^- gluons to all points on the S' ± eikonal 
lines that lie to the inside of the outermost attachment 
of a nominal-scale soft gluon. We also make use of the 
following facts: Each nominal-scale C ± eikonal line that 
attaches to an outgoing C ± fermion line is identical to the 
eikonal line that one would obtain by applying the C de- 
coupling relation to the attachments of the nominal-scale 
C gluons to an on-shell fermion line; each nominal-scale 
C eikonal line that attaches to a nominal-scale gluon is 
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FIG. 8: Diagram representing the sum of diagrams that oc- 
curs after one applies the further decoupling of the nominal- 
scale collinear gluons that is described in Sec. IVI B 41 

identical to the eikonal line that one would obtain by ap- 
plying the C decoupling relation to the attachments of 
nominal-scale gluon to an on-shell gluon line. Then, 
applying the C + decoupling relation, we find that the 
nominal-scale C + gluons attach to C + eikonal lines that 
attach to the outgoing fermion lines just to the inside of 
the large-scale C + eikonal lines. Similarly, applying the 
C~ decoupling relation, we find that the nominal-scale 
C" gluons attach to C~ eikonal lines that attach to the 
outgoing fermion lines just to the inside of the large-scale 
C~ eikonal lines. This result is represented by the dia- 
gram that is shown in Fig. [5] The nominal-scale 
eikonal lines can then be combined with the large-scale 
eikonal lines. After performing those steps, we arrive 
at the final factorized form, which is represented by the 
diagram in Fig. [S] 



5. Completion of the factorization 

Now we can iterate the procedure that we have given 
in Sees. IVI B II IVI B~4l taking the nominal scale to be the 
next-smaller soft-gluon scale. In these subsequent iter- 
ations, we include formally, in the steps of Sees. IVI B II 
and IVI B~2l the vanishing contributions from the attach- 
ments of the large-scale and nominal-scale C + and C~ 
gluons to the soft gluons of higher levels and to the S + 
and 5 1- eikonal lines that are associated with those soft 
gluons. (We also include formally the vanishing con- 
tributions from the attachments of the large-scale and 
nominal-scale C + and C~ gluons to H, as in the first 
iteration.) 

Proceeding iteratively through all of the soft-gluon 
scales, we produce new nominal-scale S' ± eikonal lines 
at each step that attach to the outgoing fermion lines 




FIG. 9: Diagram representing the sum of diagrams that oc- 
curs after one completely decouples the large-scale collinear 
gluons and the nominal-scale soft and collinear gluons. 

just to the outside of the existing eikonal lines. The 
nominal-scale eikonal lines that attach to the outgo- 
ing fermion lines after the steps of Sec. lVIB~2l are sit- 
uated just to the inside of these nominal-scale S eikonal 
lines. After the further factorization of the nominal-scale 

gluons that is described in Sec. IVI B~4l the eikonal 
lines that attach to a given outgoing fermion can be com- 
bined into a single eikonal line. The soft gluons of a 
lower energy scale attach to the outside of the soft gluons 
of a higher energy scale. This is the only ordering that 
produces a nonvanishing contribution. 

Following this procedure, we arrive at the standard 
factorized form for the singular contributions. The S 
subdiagram now attaches only to S + eikonal lines that 
attach to the outgoing fermion lines from J + just outside 
of H and to S~ eikonal lines that attach to the outgoing 
fermion lines from J~ just outside of H. The attach- 
ments involve only gluons with S singular momenta. All 
of the singular contributions are contained in the 

subdiagram, which attaches via singular gluons 
to eikonal lines that attach to the outgoing fermion 
lines from just outside of the 5 ± eikonal lines. This 
factorized form is illustrated in Fig. ITOl 

C. Cancellation of the eikonal lines 

At this point the S subdiagram and associated soft 
eikonal lines, which we call <S, have the form of the 
vacuum-expectation value of a time-ordered product of 
four eikonal lines: 

S(xi q ,Xlq,X 2q ,X2q) = 

(0|T{[a;i < j,oo + ][oo + ,a;i < j] g> [x 2 q, oo~][oo~, x 2q ]}\0)s, 

(13) 
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FIG. 10: Illustration of the factorized form for double light- 
meson production in e + e~ annihilation. After the use of the 
decoupling relations, gluons with momenta in the S singular 
region attach to S eikonal lines and gluons with momenta 
in the C singular regions attach to C eikonal lines. 



is the exponentiated line integral (eikonal line) run- 
ning between x and y, oo + = (oo,0, Ox), and oo~ = 
(0,oo, Ox). The symbol ® indicates a direct product of 
the color factors that are associated with the soft-gluon 
attachments to meson 1 and the soft-gluon attachments 
to meson 2. We note that eikonal-line self-energy subdi- 
agrams, which were absent in our derivation of S, vanish 
for lightlike eikonal lines in the Feynman gauge. The 
subscript on the matrix element indicates that only con- 
tributions from the soft singular region are kept. 



Because the H and J + — ,/ + subdiagrams are insen- 
sitive to a momentum in the S singular region flowing 
through them, we can ignore the difference between x\ q 
and x\q in Eq. (IT5|) . Then the S + eikonal lines cancel. 
Note that this cancellation relies on the color-singlet na- 
ture of the external meson. In a similar fashion, we can 
ignore the difference between x 2q and x 2 q in Eq. (fl3l) . 
and the S~ quark and antiquark eikonal lines cancel. 



where 



[x,y]= exp 



igT a AW 



(14) 



We can make a Fierz rearrangement to decouple the 
color factors of the J + and J~ subdiagrams from H . 
Then, we can write the J subdiagrams and their asso- 
ciated eikonal lines, which we call J + and J~ , as follows: 



p± r+oo 

J* {zi) = — / ^ T exp[-i(2z i -l)i^ ± a; T ](M i (P0l*a(i T )r{[a; T ,oo = F][oo = F,-a; =F ]}* p(-x*)\0) c ±. (15) 

K J-oo 

Here, Zi is the fraction of that is carried by the quark in meson i, a and /3 are Dirac indices, and the upper (lower) 
sign in Eq. (|15j) corresponds to i = 1 (i = 2). It is understood that the fields \t and "J/ in the matrix element are in 
a color-singlet state. The subscripts on the matrix elements indicate that only the contributions from the collinear 
singular regions are kept. 

There is a partial cancellation of the eikonal lines in J + and J~, with the result that the residual eikonal lines run 
directly from to x^: 

J%{zi) = — / ^ T exp[-z(2z l - l)^ ± ^](M 4 (P J )|^ Q ( s T)p[ :c T ] _ x T]^ /3 (_ x T)|o) c , ± . ( i6 ) 

7T J-oo 



Here, we have written the time-ordered product of the ex- 
ponentiated line integral as a path-ordered product. Be- 
cause the integrations over z\ and z 2 have nonvanishing 
ranges of support in H , x^ and — x^ in Eq. (1161) are typ- 
ically separated by a distance of order 1/Q. This shows 
that the C ± singular contributions that have energies 
much less than Q cancel, once they have been factored. 



D. Factorized form 

We have shown that the contributions from C singu- 
lar regions factor from the J^, S, and H subdiagrams 
and are contained entirely in the subdiagrams and 
that the contributions from the S singular region factor 
from the J* subdiagrams and cancel. The J* subdi- 
agrams each have precisely the form of a meson distri- 
bution amplitude. Hence, we have arrived at the con- 
ventional factorized form, except for the following facts: 
the J subdiagrams contain only the infinitesimal 
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singular regions, whereas they are conventionally defined 
to contain finite regions of integration; the H subdia- 
gram is not yet free of nonperturbative contributions 
from collinear momenta with transverse components of 
order Aqcd or less. 9 

Next we extend the ranges of integration in the log- 
arithmically ultraviolet divergent integrals in from 
infinitesimal neighborhoods of the collinear singularities 
to finite neighborhoods that are defined by an ultravio- 
let cutoff fiF ~ Q, which is the factorization scale. In 
making such an extension, we do not encounter any new 
singularities in J ± . The soft singularities that do not 
involve the eikonal lines have already been shown to can- 
cel. There is the possibility that S or C T singularities 
could arise from the eikonal lines in J^. However, as we 
have mentioned, after the cancellation of the quark and 
antiquark eikonal lines, the remaining segment of eikonal 
line is finite in length, with length of order 1/Q. Hence, 
S or modes with virtualities much less than Q cannot 
propagate on these eikonal lines. 

Finally, having extended the momentum ranges in , 
we redefine H to be the factor that, when convolved with 
J ± , produces the complete production amplitude. This 
is precisely the conventional definition of the hard subdi- 
agram. Since the soft divergences have canceled and the 
collinear divergences are contained in J , H is a finite 
function (after ultraviolet renormalization), and depends 
only on the scales Q and [ip and the renormalization 
scale. Therefore, H contains only contributions from 
momenta of order Q or fip , i.e., from momenta in the 
perturbative regime. We have now established the con- 
ventional factorized form for the production amplitude 
A, which reads 

A= J-®H® J+ (17) 

where the symbol ® denotes a convolution over the longi- 
tudinal momentum fraction z% of the corresponding me- 
son and we have suppressed the Dirac indices on J ± and 
H. The J ± are now given by Eq. (JT5J), but without the 
subscript C on the matrix element. They can be de- 
composed into a sum of products of Dirac-matrix and 
kinematic factors and the standard light-cone distribu- 
tions for the mesons. 



E. Nonzero relative momentum between the quark 
and antiquark 

Now let us return to the situation in which the pi± in 
Eq. (JTJ are nonzero and of order Aqcd- In this case the 
outgoing quark and antiquark in each meson are moving 



At this stage, we have shown that, if one uses dimensional regu- 
larization for the soft and collinear divergences in the production 
amplitudes, then the soft poles in e = (4 — d)/2 cancel and the 
collinear poles can be factored into . 



in slightly different light-cone directions. Therefore, we 
must define separate singular regions C\ q (Ciq) for the 
quark direction and Ciq (Ciq) for the antiquark direction 
in meson 1 (2). 

As we have mentioned, in defining the collinear approx- 
imations, we can choose any auxiliary vectors Hi that, for 
the collinear singular region associated with pi, satisfy 
the relation ni ■ pi > 0. We choose the lightlike auxil- 
iary vector fix, which is in the minus direction, for both 
the C\ q and Ci q singular regions and the lightlike aux- 
iliary vector fi2, which is in the plus direction, for both 
the Ci q and Ciq singular regions. That is, we take the 
same collinear approximation for the collinear regions as- 
sociated with the quark and the antiquark in a meson. 
Then the factorization of the collinear singular regions 
goes through exactly as in the case p± = 0. 

For gluons with momenta in the soft singular region, 
one can still define soft approximations, but the approx- 
imations are different for the couplings to lines in the 
quark and antiquark collinear singular regions. When 
gluons with momenta in the soft singular region attach 
to lines with momenta in the Ci q (Ciq) singular region, 
one can use a unit lightlike vector rii q (riiq) that is pro- 
portional to pig (j>iq) to define the soft approximation. 
Then, the gluons with momenta in the soft singular re- 
gion still factor. However, in the factored form, the soft 
eikonal line that attaches to the quark (antiquark) line 
in meson i is parametrized by the auxiliary vector riiq 
(riiq). Because n iq and riiq differ by an amount of relative 
order A [Eq. (j^J], the quark and antiquark soft eikonal 
lines in each meson fail to cancel completely. These non- 
cancelling soft contributions violate factorization because 
they couple one meson to the other in the production am- 
plitude. 

If we take the approximation riiq — riiq, but keep rij q ^ 
rijq, then the quark and antiquark eikonal lines cancel in 
meson i, but not in meson j. However, the remaining 
soft subdiagram, which attaches only to the quark and 
antiquark eikonal lines in J, can be absorbed into the 
definition of the J subdiagram for meson j. 10 Therefore, 
we see that we obtain a violation of factorization only 
if the quark and antiquark eikonal lines fail to cancel in 
both mesons. Hence, the violations of factorization that 
arise from the soft function are of relative order A 2 . 

In order to express the amplitude in terms of the light- 
cone distributions J in Eq. (|15p . it is necessary to ne- 
glect in H the minus and transverse components of p\ q 



It can be shown, by making use of the methods in Sec, I VI 61 that 
the configuration in which the soft subdiagram attaches only to 
the quark and antiquark soft eikonal lines that are associated 
with J + ( J~) is precisely the configuration that one would obtain 
by using the soft decoupling relation to factor a soft subdiagram 
that attaches only to J+ (J — ). Here one must use the fact 
that the contributions in which C + (C - ) collinear gluons with 
infinitesimal energy attach to the collinear eikonal line in J + 
(J~ ) vanish, owing to the finite length of the eikonal line. 
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and p\q and the plus and transverse components of pi q 
and p2q- In doing so, we make an error of relative order 
Pi±/Q ~ A. 



F. Failure of the soft cancellation for low-energy 
collinear gluons 



Now let us discuss the cancellation of the soft dia- 
gram for the factorized form in which the soft subdia- 
gram contains collinear gluons. As we have mentioned, 
such a factorized form is the one that would seem to 
follow most straightforwardly from SCET 0, Q. Sup- 
pose that a gluon with momentum k attaches to the soft 
eikonal line that attaches to the quark line in meson 1. 
That contribution contains a factor 1/k ■ n\ q , which is 
singular in the limit in which k becomes collinear to pi q 
(rii q ). On the other hand, for the contribution in which 
the gluon with momenta k attaches to the soft eikonal 
line that attaches to the antiquark line in meson 1, there 
is a factor 1/k ■ n\q, which is not singular in the limit 
in which k becomes collinear to p\ q . Hence, the attach- 
ments of the gluon with momentum k to the quark and 
antiquark lines fail to cancel when k is in the C\ q (or C\q) 
singular region. Furthermore, the uncanceled contribu- 
tion is not suppressed by a power of Q and is, in fact, 
divergent. Thus, we see that, in the factorized form in 
which the soft subdiagram contains collinear gluons, the 
soft subdiagram fails to cancel, and one cannot establish 
the conventional factorized form. 11 . It might seem that 
one could recover the cancellation of the soft subdiagram 
by setting pn_ exactly to zero. However, at pj_ = 0, 
the cancellation of the quark and antiquark eikonal lines 
becomes ill-defined for k collinear to the quark and anti- 
quark because of the infinite factors that arise from the 
eikonal denominators k ■ rt\ q and k ■ rt\q. 12 We note 
that this issue also arises in inclusive processes, for ex- 
ample the Drell-Yan process, in the decoupling of the soft 
subdiagram from color-singlet hadrons. 



11 There is also a potential difficulty in apply the soft approxima- 
tion to low-energy collinear gluons. For example, as we have 
mentioned, if a soft gluon attaches to the J+ subdiagram, then 
soft approximations in SCET and Refs. and the soft decou- 
pling relation involve the replacement of the soft momentum k 
with a collinear momentum k = fi\k ■ m in the J+ subdiagram. 
Hence, k vanishes when k becomes C+. 

12 One might also consider the possibility of defining a single soft- 
approximation auxiliary vector n; for each meson, where n; lies 
between rii q and nja. However, the resulting soft approximation 
fails to reproduce the collinear divergences that occur if the soft 
subdiagram contains low-energy gluons that are parallel to the 
quark or the antiquark. 



VII. SUMMARY 

We have established, to all orders in perturbation the- 
ory, factorization of the amplitude for the exclusive pro- 
duction of two light mesons in e + e~ annihilation through 
a single virtual photon for the case in which the external 
mesons are represented by an on-shell quark and an on- 
shell antiquark. The case of on-shell external particles is 
important for perturbative matching calculations. 

The presence of on-shell external particles opens the 
possibility of soft and collinear momentum modes of arbi- 
trarily low energy. In this situation, low-energy collinear 
gluons can couple to soft gluons. That coupling leads to 
additional complications in the factorization proof. Nev- 
ertheless, we have shown that one can derive the stan- 
dard factorized form, in which the production amplitude 
is written as a hard factor convolved with a distribution 
amplitude for each meson. The hard factor is free of 
soft and collinear divergences and depends only on the 
hard-scattering scale Q, the collinear factorization scale 
/ip, and an ultraviolet renormalization scale. The me- 
son distribution amplitudes contain all of the collinear 
divergences and all of the nonperturbative contributions 
that involve virtualitics of order Aqcd or less. We find 
that the factorization formula holds up to corrections of 
relative order Aqcd/<3- 

As an intermediate step in the factorization proof, we 
obtain a form in which the soft subdiagram does not 
contain gluons with momenta in the collinear singular 
regions. This form of factorization may be useful in the 
resummation of soft logarithms, as the contributions with 
two logarithms per loop are contained entirely in the jet 
functions, which are diagonal in color. It is essential in 
establishing the standard factorized form for exclusive 
processes with on-shell external partons because, as we 
have shown, the cancellation of the attachment of the soft 
diagram to a color-singlet hadron fails at leading order 
in Q if the soft subdiagram would contain gluons with 
momenta that are collinear to the constituents of the 
hadron. This issue also arises in inclusive processes in 
the decoupling of the soft subdiagram from color-singlet 
hadrons. 

In on-shell perturbative calculations in SCET, low- 
energy gluons with momenta collinear to the external 
particles can appear. At two-loop level and higher, these 
low-energy collinear gluons can couple to soft gluons. 
Since SCET has no provision to decouple the collinear 
gluons from the soft gluons, it seems that it would be 
most straightforward in SCET to treat the low-energy 
gluons as part of the soft contribution. In such an ap- 
proach, the soft subdiagram contains gluons with mo- 
menta in both the soft and collinear singular regions. 
As we have said, the soft subdiagram would fail to can- 
cel in this case, and one would not achieve the standard 
factorized form. Therefore, in the absence of a further 
factorization argument, there would be no assurance in 
a matching calculation that the low-virtuality contribu- 
tions could all be absorbed into the meson distribution 
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amplitudes: Some low-virtuality contributions might be 
associated with a soft function that could not be factored 
from the meson distribution amplitudes. 

Alternatively, one could abandon the notion that 
SCET should reproduce the contributions of full QCD 
on a diagram-by-diagram basis and assume that SCET 
is valid only after one sums over all Feynman diagrams. 
Furthermore, one could consider the collinear action in 
SCET to apply to all collinear momenta of arbitrarily 
low energy. Then, as is asserted in Ref. [3|, the produc- 
tion amplitude in SCET would take the form of a hard- 
scattering diagram, a J + light-cone distribution and a 
J~ light-cone distribution that are convolved with the 
hard subdiagram, and a soft subdiagram that is free of 
collinear momenta and that connects to the J + and J~ 
light-cone distributions with interactions that are given 
by the collinear action. That factorized form is the one 
that we would obtain after the decoupling of the collinear 
gluons from the soft gluons if we were to extend the 
ranges of integration in the S, J + , and J~ subdiagrams 
from the singular regions to finite regions of 5, C + and 
C~ momenta. Issues of double counting arise when one 
extends the ranges of integration. They could be dealt 
with, for example, by making use of the method of zero- 
bin subtractions |6( . Once the double-counting issues are 
resolved, our proof shows that such a form for the am- 
plitude is correct. However, this result does not follow 
obviously from QCD or from SCET. It requires a deriva- 
tion, such as the one that we have given in this paper. 

The low-energy contributions that we have discussed 
involve integrands that are homogeneous in the integra- 
tion momenta. Therefore, one mig ht argue that, if one 
applies the method of regions [27j . then such contribu- 
tions lead to scaleless integrals and vanish. The difficulty 
in making use of such an argument to prove factorization 
is that the method of regions extends the range of in- 
tegration for each region to infinity. There is no proof 
of the validity of such an extension, and, hence, there is 
the possibility of double counting. Double counting be- 
tween the soft and collinear subdiagrams is dealt with in 
SCET through the use of zero-bin subtractions [6] . How- 
ever, the zero-bin subtractions are formulated rigorously 
in terms of a hard cutoff. In Ref. @, examples of the 
zero-bin subtraction in dimensional regularization in one- 



loop perturbation theory are given. To our knowledge, 
no proof of an all-orders zero-bin subtraction scheme in 
dimensional regularization has been given. 

In physical hadrons, gluon momenta are cut off by con- 
finement at a scale of order Aqcd • In that situation, one 
does not need to consider the possibility that collinear 
gluons can attach to soft gluons in order to demonstrate 
the factorization of nonperturbative contributions, i.e., 
those contributions that involve momentum components 
of order Aqcd- However, if one wishes to factor logarith- 
mic contributions up to a scale of order Q, for example, 
for the purpose of resummation, then it is again necessary 
to treat the attachments of collinear gluons to soft gluons 
along the lines that we have described in this paper. 

In this paper, we have focused on a specific exclusive 
process. However, we expect that our method can be 
generalized straightforwardly to the other exclusive pro- 
cesses and, possibly, to inclusive processes. In the lat- 
ter case, one must consider Glauber-type momenta ex- 
plicitly, as contributions that arise from such momenta 
cancel only once one has summed over all possible final- 
state cuts |7H9l l28l |29|| . However, it seems plausible that 
one can implement this cancellation, using standard tech- 
niques, independently of the factorization arguments that 
we have presented here. 
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